THE ASYMPTOTIC BEHAVIOUR OF THE
SOLUTION OF THE FILTRATION EQUATION

BY
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ABSTRACT

It is proved that the self-similar solution of the nonlinear equation of filtration
gives the asymptotic representation of the solution of the Cauchy problem
for the same equation.

Consider the Cauchy problem for the heat equation

ou 0'u

o ox?
when the initial data are of compact support. It is a known result that the solution
of this problem behaves asymptotically as a fundamental solution of the same
equation as t — o0, (This can be proved easily by means of the Poisson integral
formula.) We propose to prove here the same result for the solution of the Cauchy
problem for the equation of unsteady filtration
au azu/l +1

1 o o

A >0

Equation (1) is invariant under the following group of transformations:
) uw =cu, x' =1"1x, t'=1"2%"",
This important observation enables us to find a self-similar solution wg(x, t) of (1)
that satisfies the initial condition
wi(x,0) = E&(x)'

 The asymptotic behaviour of the solution of this problem was considered in the paper of
Barenblatt and Zeldovich [4]. In this paper, several terms of the asymptotic representation of
the solution for large time were stated without proof.

s (x) denotes the Dirac measure.
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with an arbitrary constant E. Such a solution is of the form
(3) WE(X, t) - E2/(l+2)t—1/(l+2)q)(xE—A(/1+2)t—1/(}.+2))
where

a(E - if £ =&
@ o) = {0 .

and &, = &y(A), cf. [10].
The proof of the theorem given below is also based on the existence of a group
of transformations of type (2).
We consider the Cauchy problem for Eq. (1) in the half-plane
S={(x,1):xeR), 0=t < w0}
with the initial condition
(5 ;=0 = o(x),
where uy(x) is a continuous non-negative function with compact support. Assume,

for simplicity, that the function [uo(x)]**! satisfies the Lipshitz condition.

DerINITION. A function u(x, r) defined and bounded in S is called a generalized
solution of the Cauchy problem (1), (5) in S if it satisfies the following conditions:

(i) u(x,1) is continuous and non-negative.
(ii) there exists a generalized bounded derivative (du*+1) /(0x).

(iii) for any continuously differentiable function f(x,t) with compact support

(6) f L (u %’; - a”;;l g—){)dxdt + f_iuo(x) f(x,0)dx = 0.

The existence and uniqueness of the generalized solution of the problem (1),

(5) was proved in the paper of Oleinik, Kalasnikov, and Czou, Yui-Lin [7]. See
also Aronson [1,2,3].

As was shown in [7], the generalized solution u(x,f) of the problem (1), (5) is
a generalized solution of the Cauchy problem in any half-plane (xe R, 0 <1,
<t < o0) with the initial condition

u It =tg u(x, to).

It was also proved in [7] that [u(x, £)]*** is a Lipshitz function with respect to x.
1t is easy to verify that the self-similar solution (3) is a generalized solution of a
corresponding Cauchy problem in any half-plane (xe R, 0 <ty < t < o0).
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The aim of this paper is to prove the following theorem.

THEOREM. Let u(x,t) be a generalized solution of the Cauchy problem (1)
(5) and

@) f up(x)dx = E,.
Then

1A B u(x, 1) ~ wey(x, )| >0 as t— 0

uniformly with respect to x € R™.
We start with the following lemma.

LeMMA 1. Let u(x,t) be a generalized solution of the Cauchy problem (1),
(5). Then there exists a constant E such that

(8) u(x,t) S wg,(x,t+1) in S.
Proor. We first prove (8) for 1 =0, i.e. that
%) ug(X) £ wp,(x,1) = EF/4FDG(xEHA*D)

or sufficiently large E,.

Let b be a constant such that uy(x) =0 for ]xl = b. It follows from (4) that
d(&) is positive for ¢ < &, and that it increases monotonically when lf ] decreases.
Therefore wg(x, 1) > 0 for | x| < b provided that bE~***? < &; and by choosing
E sufficiently large, the function wg(x, 1) will become larger than u ,(x). Thus (9)
is proved.

Now, using the monotonic dependence of the generalized solution of the
Cauchy problem on the initial data proved in [7], we obtain (8).

Set u,(x,t) = ku(kx,k*+21), (k > 0). Now u,(x,t) is a generalized solution of
Eq. (1) for the initial data u,(x,0) = kuy(kx).

Since #(x, 0) - E,0(x) as k — o, it is reasonable to expect that u,(x, ) —
W,(x, ) as k — 0o. To show that this is indeed the case, we consider the functions
u,(x,1) in the strip (xe R, 0 £t < T) where T is an arbitrary fixed constant.

From (8), we get ku(kx,k**?t) < kwy (kx,k**2t + 1). Hence

(10) w(x, 1) < wg(x,t + G

Let 7€(0, T/2). 1t follows from (10) that there exist constants C,(z) and C,(1)
independent of k such that

(1 max #(x,7) £ C,(7)

xeR1
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and

(12 | mmoy2as s 0

Let S, = {(x,1): xe R!, 1 <t < T} We shall need the following lemma.

LEMMA 2. For any t€(0,T/2) and any k >0, there exists a sequence of
smooth functions u., (x,t) (n =1,2,---) having the following properties:

a) Uy ,(x,1) is defined in the region S_, = {(x,1): lxl Snt1<t<T}andisa
classical solution of equation (1) in the same region;

B) Upn(km D) = Co(0) + 1 for 1< 1S T,

(13) 0 —S— ur,k,n(x’ t) é CI(T) + 19

(14) f_ﬂ [u r,k,n(x’ T)]A+2dx g C3(T)

with a constant Cy(t) depending only on 7;

c) at every point (x,1) € S_, lim,_, o 4 ;. u(x, 1) = u(x, 1).

The proof of the lemma is similar to the proof of the theorem of the existence
of the generalized solution in [7]. The plan of the proof follows.

Let ¢, (x) = [uy(x,7)]***. Then '

(15) [ oalx + AX) — ¢, (x)| £ M(K,7)Ax

where M(k, 1) is a constant depending on k and 7.

From (11), (12) and (15), we conclude that there exists a sequence of infinitely
differentiable functions ¢, (x) (n=1,2,--) with the following properties:
e an(X) > @, 4(x) as n— oo, and the convergence is uniform in every bounded

interval of X;0 < @, 4 4 1(%) £ P 10(X) = [Cy(7) + 1]l+ L) =[Ci(1)+ 1+t
for x=n-1,

l d¢r,km
dx

< M(k,7) + 1, and f [0 n(TH D0+ iy < C0)

with a constant C;(1) depending on C,(1) and C,(1).

Substituting u = v"’** Y into (1), we get
do yarn 0%

Consider the first boundary problem for Eq. (16) in the rectangle S_,
(17) U(x’ t)ll == d)t,k,n(x): U( i n, t) = [CI(T) + 1]A+1‘
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This problem has a solution v, (x, f) for every n and 0 < inf @, ;..(x) S v (%, 1)
< [Ci(1)+ 1]*+1. Compare the functions v,,,(x,f) and v+ (X, ) in the region
S... Let I',,, be that part of the boundary of S, consisting of sides t = 7, x =n,
x = —n. Using (17), we find

v _,,,—>_- vt,k,n+llr-,,,‘

Tsksn

It can be verified that the difference (v.,,,, — V. .n+1) is @ solution of an equation
for which the maximum principle holds. Hence v, (x,1) 2 v, 4,41(x,8) in S,,,
and we conclude that the sequence {v,,(x,?)} (n =1,2,--) is a monotonically
decreasing sequence of positive functions. The same is true for the sequence
Uppm = Wer) YT 1. We deduce that at every point (x,t) € S,,

lim ut,k-n(x:v t) = izt,k(x’ t)’

n—rw

lim vt,k.n(xa t) = 5r,k(x, t) = [ar,k(x9 t)];‘+1-

=00
Now it is necessary to show that & ,(x, ) is a generalized solution of (1). For that
purpose we must check that there exists a generalized derivative 90, /0x. It is
easy to see that the function dv,,;,, /0x is a solution of an equation for which the
maximum principle holds. Hence, in S, ,,

avr ksn avrk n [
3K, < 1K
“ga| < max |
We have for t =0
!@L < M(k,7) + 1.
It follows from (17) that
OV
TsKsll >
0x lion 0.

Next, consider the function Z,, (%, 1) = vy, 1) — (x — n + D[C(x) + 1J*1,
This function satisfies the equation

aZr.k,n — (/1 + 1) (vhk,n)l/(/l+1) 6zzt,k,n.

ot Ox?

Therefore, the minimum of Z_, , in the region {(x,f):n —1<x<n, 1<t < T}
canbeonlyatt=1,x=n—1or x=n.
We have Z_, (x,71)=0,Z_, . (n—1,0)>0, and Z_, .(n,t) = 0. Thus
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0Z

Yk <
T0x e 0
and
avr,k;n At 1
(18) 0< &kt <[Cy(r) + 11,
ox |,._,
The same reasoning applies to x = — n. Hence
max ocn < max[M — 1),(C, + D**1].
Scin

Therefore the function & ,(x, f) is a Lipshitz function with respect to x and there
exists a generalized derivative (07,,;) /(6x). Using this, it is possible to prove that
the function u, ,(x, ) is continuous and satisfies the corresponding integral identity.
The equality @, ,.(x, ) = u,(x,t) in S, follows from the uniqueness theorem proved

in [7].

Now we prove the following lemma.

Lemva 3. Let 1€(0,T/2) and R, ={(x,0):|x|<1/1,21<t < T}. There
exist constants C,(1) and Cy(v) independent of k such that for every k>0

(19) ff(—f§2wm§c¢u
(20) f L ’(a”g:l)z dxdt < Cs(2).

ProoF. Let u,,(x,t) and v, (x,f) be the functions defined in Lemma 2.

We have
f f Mok, dxdt = f f o ”‘" 0 ndxdt.
5., Ot
a rkn

.___1 i i42 — avtku
(21) T sz;,,,, ﬁt(ut’k'") dxdt = ) e t,(,,dt ffsr "( ) dxdt.

From (13), (14), (18) and (21), we deduce the existence of a constant C,(7)
such that

(22) f fs (&’T;) dedt < Cy(n).

1t follows from (22) that, for every k and n, we can find a point t* € [z, 27] (possibly
dependent on k and n) such that

Hence
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(23) f (0% ) i ] LG
—n z
Let Senn={(x,0):|x[ Sn, * St < T} We have
autknavtkn avvkn avfk,,
24 st* ot ot —or dxdt = ffs N T —="dxdt.

Using (17), we can write

a 9rkn avrkn avtkn 2 _1 * avt,k'n z
@ [f,.. i [ (Faefel -3 [ (%)

From (13), (23), (24) and (25) we see that

t=T-

a ksn 2
(26) f L (Lat—) dxdt £ (4 + D[C,(1) + 11Cy(7) /27 = C4(x).

Using Lemma 2 and (22) and (26), we get (19) and (20). Thus, Lemma 3 is proved.

Now applying the Sobolev imbedding theorems (cf. [9]), we conclude that
{u}*'} is a compact subset of L,(R,). Consequently, the set {u,} also is a compact
subset of L,(R).

Until now, we have treated 7 as an arbitrary constant. Let 1 —» 0, By using the
diagonal process, we extract the subsequence {u; } (k,— o) that converges in
L, in every bounded region inside the strip (x e R, 0 < ¢t < T). The limit function
u*(x, t) is determined in the whole strip.

We shall prove now that

27 u*(x, 1) = wg(x,1)
where E, is a constant defined by (7).

Set Z,(x,1) = wg(x,t + o). Let B be a sufficiently large constant so that for
k>1, a<l,

(28) ulx,)=Z,(x,) =0 if [x|2B,0<t<T
(Such a constant exists because of (4) and (8)). Let Dy be the region {|x| < B + 1,
0<t< T} and let F(x,) be an arbitrary infinitely differentiable function equal

to zero near the boundary of region Dg. To prove (27), it suffices to show that for
any &> 0, there exist values k, and a, such that

(29) ]ff (u, — Z,)F dxdt| <& for k = ko, o < aq.
]

Let f(x,t) be a continuous function with compact support which has continuous
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derivatives df/0t, 0f [0x and (0%f) [(0x?). It follows from (6) that for every k and «,

(30) JL(uk Z)[af + Cp (x, t) ]dxdt f [Z.(x,0)—u,(x,0)] f(x,0) dx

where
Cox,y=(A+1) f 1[Ou,((x, D)+ (1 —0Z(x, t)]‘d(?.
(4]

Let Cpqp(x,1) (p=1,2,---) be a sequence of infinitely differentiable functions
with the following properties: C, . (x,1) = C, ,(x,1), Cppp(x,1) >0 in Dy, and
Cra,p(x,1) = C, ,(x,1) uniformly in Dj.

From (30), we have
2
[ 20 (Lot a2
(31
o *
= | ], = 2D Crap = Cud gy At | [2,5,0) = x,0)](x, 0 dx.
The inequality (29) will be proved if we find a function f(x, £) for which (31) holds,

and such that the absolute value of every integral in the right hand side of (31)
is less than ¢/2, and

of o*f

(32) =+ Cuap 325 = F(x,0).

To find such a function, consider a first boundary problem in Dy for Eq. (32)

(33) f(x,T)=0, fB+1,)=f(—B—-1,£)=0.

The problem (32), (33) has a solution f, , ,(x, t) for every k, « and p (cf. [8]). Set
fk,a,p ’

we get

|fk,az,p(x’ t)l é Ml in DB

where the constant M, depends only on F(x, f). Next, multiplying the Eq. (32) by
(0*f1,0p) [(0x?) and integrating on the region Dy, we get estimates

2
(34) f f Croap (a f"“’) dxdt £ M,,
Dy 0x?

[ (tegey.

><
IIA

M,
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where M, also depends only on F(x, ).
Now because of (28), we can substitute in (31) the function f = f, ,,,. We obtain

f f (e = Z)F(x, ) dxds
(36) "

asz B
a);“2"_l’dxdt + f [Z,(x,0) —uy(x,0)] f.0.p(x, 0) dx.
-B

- f (1420 =C

Next we prove that there are k, and ¢ such that

B &
() | [/ [2:05,0) = 5,01 st 01| < 5

for k = ko, @ < o, and arbitrary p.

We have
B
[ 1260 = 05,01y 0
= {1200 = 3 O fs5.0) = on 0.0
B
+ f—B [Zoz(x5 0) - uk(x’ 0)]ﬁ<-oz,p(0, 0) dx

= f_B[Za(x’ O) - uk(x’ 0)] [fk,az’p(xs 0) - fk.a,p(o, 0)] dx

because

B B
f Z,(x,0)dx = f u(x,0)dx = E,.
-B B

Let y < (1/2M,)(¢/4E,)*. Then for |x| <7y,

() [onslx.0) = oas00)| = | [~ Le2dloDa | < arrt < ojas,

Now let k, be sufficiently large and «, sufficiently small constants so that for
| xI =7, k=kyand a < ag, ulx,0) = Z,(x,0) = 0. Then using (38), we obtain
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| [ 12000 = w01 o0 = fn 0.0 5

It

| [ T2050) = 15,01 ea(0) = 0,011

IIA

g[4E, [Jw Z(x,0)dx + fy 1, (x,0) dx] =¢[4Eq2Ey =¢/2

- _
for k = kg, o < a4 and arbitrary p. This leads to (37).
Next we fix some values of k = k, and « £ «,. Using (34), we have

2
] J (uk _ Z,)(Ck,a,p _ Ck,a)a fk:«»p dxdt ]
Dp

ox?

— 2 k1
{f (Ck,a,p Ckyu) dxdt;
Dp Ck,a,p

aszaP\z t
x { f fc( r) dxdt}

M3[2(B + DT max| Copp—~ Cru| S 812

< maxlu,‘—Za

= max|uk—Za

if p is large enough. Hence we get (29) and also (27). It follows from (27) that for
every sequence where k — o0

39 U (x, 1) = we(x, 1)

in L, in every bounded region inside the strip (xeR!,0 <t < T).
The assertion of the theorem follows from the lemma:

LEMMA 4: Let k— o0. Then ufx,1)— wg(x,1) uniformly with respect to
xeR.

PrOOF. Let A4 be a constant so that u,(x, 1) = wg(x,1) = 0 for lxl =A, k=1,
To prove this lemma, it is sufficient to prove that if k — oo,

(40) uk(x’ 1) - WEo(x’ 1)

uniformly with respect to x € [ — A, A]. Suppose that T = 1. Then from (24) and
(25),

" avr,kvn 2
(1) f (Tx )dx

From (41), we conclude that

[ (o] scaon

< Cy(7) )

t=1 T
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Hl(x, 1)} (k; > o) which converges uniformly

Hence, there is a subsequence {u
with respect to x e[ — A, A] (cf. [4]). The corresponding subsequence u,(x, 1)
also converges uniformly to the function #(x,1). Now consider the integral

identity for u, (x,t) in the half-plane (xe R, 1 <t < ). We get

2 -]
42) f j Uy, — +u,fflaaf )dxdt+ J u(x, Df(x,1)dx =0

for any infinitely differentiable function f(x, f) with compact support. Using (39),
we can pass to the limit in (42) and obtain

f f [ant+ 2:1632{]61 dt+fmﬁ(x,1)f(x,1)dx=0

Since wg,(x,t) is a generalized solution of the Cauchy problem in the half-plane
(xeR!, 1<t < ), we conclude that

[e o}

fwwEo(x, D f(x,Ddx = f #@(x, 1) f(x, 1) dx.

Hence #i(x, 1) = wg (x, ) and (40) holds for every sequence of k. Thus Lemma 4
is proved.
From Lemma 4, we have

| kukx, k**+2) — weo(x, 1) | = | ku(kx, k**+2) — kwg,(kx, k**2)| - 0.
Setting k = t/?*2) we obtain
t”(“”, u(xt VO+D 1y — wEo(xt'/(“2) R t)’ -0 if (- oo

As this convergence is uniform with respect to x € RY, the assertion of the theorem
follows.
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